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Arithmetic laws A’M\’M{ @

There are three laws of arithmetic that can be powerful tools to help with caleulations.

1. Commultuiive laws

The order that we add or multiply numbers can be switched without changing the answer.

s Addition g+ b=bh+a
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* Multiplication e xb=bxa
O ] B3 o ol
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4 lots of 5 5lotsof 4
4 x 5 = 5 x 4 = 20

The commutative law for multiplication can be shown also in terms of rows and columns.

rows x columns = columns x rows

4 rowsof 5 5 colurns of 4
3 £3 3 EIEE3E0 IgED Copnn

lﬁ@ ar Iﬁlﬂ _ ﬁ _ EE
IIEEII CAEIERERED 5 3 e o .
CO0oe foooo OCBOS, AAGHD
L 4 4 4 4 L 2 3 4 5§ 5 columns
columns
4 x 5 = 5 x 4 = 20

The commutative law daes not work for subtraction or division as the order of the terms is important.

*4—5#5—-4 — 4-5=-land 5—-4=1
*4+5#5+4 —> 4+5=08 and 5+4=125
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How does it work? YourTum ] Whole Numbers YourTum ] Whole Numbers )

¥
I@ Commutative faws /2@ Commutative laws

@ Shade groups of boxes to match these descriptions and write the calculation they represent. @  Write the expression for the commutative law represented by this diagram.

] Q0,0 o] O~0
ﬁo rows?f‘frauw g Four columns otwo @ four rows of two @ Two columns of four 0008 0080 _ 088808088
o000~ 0 [chgdohgohgohde)
.'.| (Bt J=lio+13 |
E D_,J ..........
= EQA \EXEQ 1 [‘P ! @ Draw two different diagrams below to demonstrate that 2 x 6 = 6 x 2 = 12,
A — I S \ ____________ 6 ( PDM& W{;)
© Tworowsofseven @ Fourrowsofone G o%@ & _OG OO (\
mEms A = : S
: i o SR P o £ o%

. O
pEEES H oxb = fxn < \3

(1) -la)e]) -laxz) ekl
ati i showing the com ive law. ! OQ >>>>>>

&  Fill in the matH&imatical sentences for each of these

@ AAA + W = + AAA VAV AVAN B Earn%z(urlgelfanawes?mestam(g?;r:iis one. =

e T e S = Draw all four different pairs of diagrams that represent the commutative law for multiplicati ith
]3 }_,_i Q J 1:3“/1 = {_‘5”} o anwer o 24, mutative law for multiplication wil
57N Axb  3x8 240 X2k

=]

5 lx{a 1= RIx{a]=[{]

[n_gJ {3 kg 1 (2] Lé.-.l | % @ Eﬁﬁ 2 é’o’ 000 %
4% 6 = bx4
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Whole Numbers ) Your Turn ) Whole Numbers

A4 1
2. Associative laws }@ Associarive laws
The numbers we group together when adding or multiplying ¢an change without changing the answer. @ Complete these equations for the associative law of addition shown in each diagram.
 Addition (g +b) +c=a+ (b +c} o
oL 000
= a0 + 38 = E2E3E3ED
g5 0o pen
= 7 + 5 = 12
o gae
= [ + GE0 =
e
= 3 4+ 9 =
]
» Multiplication {ax b} x ¢ = ax (b x ¢}
o o o 0o g 0 [slwlolslaiu[siwee] :
od o DD no o0 Cco 00 Qg 0RODE0ORNO0 !
eo x G0 = oo 00 0o oo 0 _ gDeoegonol |
gg gg b ClmD ao C!BD DUD QDD DED gmgggggﬂﬂn
00 66 00 0D 00 Qo SE0nopoooo 1
3lotsof4 x § = 12 lots of 5 - 60 I
{3 x 4) xpe§ = 12 x 5
o g 0000800000
88 88 ]w[nfululolalsle]eislalaialelalninnla) [w ]| (a]s]u)i <]
[w} - P o [ o [ [ [ [ [ | :1
an *y o o] = 0000000DO0DN0000N000 = aRpanoanoo
og g 000000Q0C00000G000ac0 a@000Gannn
oo g conoDoRooo
3 x 4lotsof§ = 3 lots of 20 _ 60
3 x {4 x 3 = 3 x 20
“The associative law can make adding/multiplying terms easier. ‘
314+25+9 =(31+9)+25 13x25%4 =13x(25x4)
=40+25 =13x100
=65 =1300
What about subtraction or division? i @ 1]
There are only a few very special cases where the associative law works for subtraction and division.
When a 0 is involved like this: When a 1 is involved like this: ]
e(6—21-0=6~(2-0) *(18+3)+1 = 18+(3+1)

2 (0+7)+5=0+(7+5)

In all other cases, the associative law does not work for subtraction and division.
(3-4)—-5#£3—-(¢4—5 — (3-4)-5=-6 and 3—{4—5}=
{3+4)+5£ 35455 = (3+4)+5=015 and 3+{4+5)=375
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Your Turn ] Whole Numbers ]
b
g};\@ Associative laws

&) The associative [aw |ets us choose what we want to do first to make calculations easier and quicker.

;

: Pamng up terms that make nicer whole numbers before adding to other terms is a great trick.

For example:
14 + 9 4 16 is made easier by adding the 14 and 16 together first to make it 9 + 30 =39

Use the associative law for addition to simplify these calculations:

® 25+91475= {55 .+[m7"g"}}+ 91

= [ |DOJ+91

® 37+ 14+56+25=(FJH2) 470D 111450+ 19445= (1) HE) £ L +¥S) |
= bo+7o =130+ 128 ‘

ol | 3() :'255

pe
R — (H)X 3]

tethiaics Passport & 3P Learning SERIES TOPIC

How does it work? Your Turn ]

o
/f@ Associative laws

& Complete these equations for the associative law of multiplication shown in each diagram.
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Whole Numbers

How does it work? Your Turn )

.
’r@ Associative laws

@ Shade groups of squares in these grids to match the associative law of multiplication underneath.

®
x = x
2 x 3
® u
| =
4 x
T
[
x [
T
x (2x3)
[T 1T
(| 11
: [OECEC M| 1
| = Q][] x
* @) ::E: =
E_ Mas 1 I 1
3 % (5%2) = {3%5) X 2

& Use the associative law for multiplication to simplify these calculations:

© $x28%20 ={i

e,

J——

20)})(28 © 12><50><7={=L ’l](f lBOE}ﬂ
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¢ :@ Associgtive laws

Whole Numbers j

@  Tick the box ‘true’ or ‘false’ to show which of these subtraction or division statements are special
cases where the associative law does work.

® (0-4-3=0-(4-3) [TiTrue {%alse © (0+16)+2=0+(16+ 2)&Z7rue {Jralse
@ (20~ 11)—0=20— (11— 0}[¥[True (Jrakse @ (5+1)+5=5+{1+5) [T
@ 0+)+1=0+(1+1) [ve (Jralse @ (8—0)=1=8-{0—1) [J)True {{Hake

G l-N-1=1-(~-1) | ]Truef?J/False @ (0-1)-0=0—(1-0)

@ Larger strings of numbers can also have the associative law applied to them.
Group terms together in these expressions that make the calculation much easier.
® 124344+8+4+2

(248t (g ri42)
= 204+ %o

Efpla %hy you grouped the numbers you did,
© 12x2x5x%3
©@X5) )2 (24 3)
= loA3b '

o
@ Use the associative law to rearrange into three pairs to make the calculation easier.

23+11+37424+16+9 ()
= @I +64 V)
= Bof2 =
@) Write an expression that represents these dcﬁ d?;g Cr’ns an‘z?ﬂ.uose the associative law to simplify.

2 0 0 0
©0000 , WWPWWWoo g XK WP x 0000 00 a0

00 30 * &b &b &b &b & S 88888883
ax4 x 55 503 % 4x7
:@xs)xq&g} - W‘F)X@”)
2 D¥2D oz 26% 2!
= 200 = 420
» | @€ o b




Wl Nurbers ) VourTorn ] Whole Number )

.
3. Distributive law A% pistributive law

This law allows you to spread a multiplication out (or expand) into smaller parts to make it simpler. £ Fill in the missing values for each of these examples of the distributive law.

« Using the order of operations and calculating the brackets first:
oonoo gooano Roooa

o
oo - ooooo
DDDX{DD+BE}“DUDX{ODUD} Qo000 0oBg oood I
3 x (4 4+ 5 =3 x (9 = 27 !

» Distributing the multiplication to each term within the brackets:

X
o a o 0 o & @ Use the distributive law to expand these multiplications:
Qo - [w[n} go D000 . 00 00 g ¢ )
DBDX{GD + 88}‘530"!30*000* 00 ~00e0oo T ao 0o oo { | o sx{a+e}= |
3 x (4 + 5 = 3 x4+ 3 x 5 = 12 + 15 =27 ; e

Also works if a subtraction is inside the brackets.
X

© Explain why both have the same value even though the terms in the brackets are different.

‘ The Sur rniidhe bl bvackets ame +He S

[ ]8] = [w]e) =00 00
DDX{OD—DDD}—DD xpp—00x000=g7 g~ 000 000
2 x (4 -3 =2x4-2x 3 = 8 - 6 =2

Jor

So the distributive law is: @ Write another similar expression to those in € that will also give the same answer.

ax{b+c)=axb+axc S)({‘o_i,ﬁf(.()) ) 5){(31(_7)} 5;((\-{*%)/ ‘(—( 57‘5)

& Use the distributive law to simplify and evaluate these multiplicatio

® ng‘8=8x{[{n|

ax(b—c)=axb—axc

These signs must aiways match

Using this law in reverse makes the multiplication of large numbers easy to calculate mentally.

For example, we can use the distributive law to calculate 127 x 4 using either of these:

120x4+7%x4 or 130x4-3x4

1274 =(120 +7) x4 1274 =(130-3) x 4
=120x4+7x4 =130x4-3x4 -

f i )

=480+28 =520-12 =ux|3p [+1x Q|
I o8 e

You could have split 127 up into any sum/subtraction you found easiest to use.
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How does it work? Your Turn )

Whole Numbers

.
}\@ Distributive law

& You can apply the distributive law more than once to simplify a calculation:

For example:

25%59 =25% (60— 1)
=25%60-25x%1
=25x60—25 oR

=(20+5)%60 —25
=20x60+5x60—25
=1200 +300 25
=1475

Apply the distribuﬁv@fo simplify and calculate these:

@ 14x3 = I Po=3)

- = [fllfo ~ 13
=g - 42
=0 orto F e ~42

o = Yoot léa"[ﬁz
3 Ste-t2
m’jﬂg

= 22x Got5)

2 NxTo+ 2KE
=RoA)(le + U 0

= dox ot axk #i°

= (oo F o f no = J{L

® 83x35 o _Cj(g‘gfrg)
= 20bet 35X 3
=gor¥ Y& 1 105
= syl Sxdo FoS
= lﬁcs

=25%x60—25

=25%(20+40)—-25 i

=25% 20+ 25 x 40 - 25 1

=500+ 1000~ 25
=1475
4% (812) |
45 y foF 342 ;
dot5)xga+Fo
:"mo'y‘(?o%s. -ﬁ%o
= o foo o
=3 /490
@ 25x112
=26x ([go 1Y)

= o8x loa+-saf2

9500 +R2TS A2 .

= DEHT £ 20K RS L

= 2ot 4aptbo > 2fon

@ 120108 = (20X (1]0-2)
= oxhio. ~ 120X 2
=D+ )Mo = 240
= || ovee 220 0~200
=460

O 45x82 =

0

»
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Factor trees

Composite numbers can be divided exactly (with no remainder), by other smaller or equat whole numbers

called factors.

Compuosite numbers: 15 9 12 4
| ! |
Factors: 1,3,5,15 1,3,9 1,2,3,4,6,12 1,2,4
Prime numbers only have 1 and themself as factors.
Prime numbers: 2 3 17 ) 11
} ! I |

Factors: 1,2 1,3

All composite numbers can be written as the product (x) of prime factors
{all the prime numbers that divide exactly into them). Let's see how.

‘Express’ is a another way of saying ‘write’ in Mathematics.

24

1,2,3,4,6,8,12,24

Express 18 as a product of its prime factors

Split 18 into two smaller factors

Split 6 into two smaller factors

N
®

Once every branch has reached a prime number, multiply all the prime numbers together

®

~18=2x3x%x3
=2x3

Simplify answer

Solid circle around prime numbers to stop that branch

Solid circle around prime numbers to stop that branch

i
(CT7\0H
ALWAYS Q‘}‘; 5t the prime number:

Don‘tever do this %7

because 1 is NOT a prime number

k]

* Remember:
B A prime number has
J twa factors, itself and )
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here does it work?

Whole Numbers

Here are some more examples,

Express 38 as a product of its prime factors

Split 38 into two smaller factors

Solid circle around prime numbers ta stop that branch

Once every branch has reached a prime number, multiply all the prime numbers together

n38=19x2

There is often more than one way to create a factor tree for numbers with a lot of factors.

P
Express 48 as a product of its prime factors

48 Split 48 into two smaller factors

: 8: Y ! 6 M Split 6 and 8 into two smaller factors

It 4 M @ @ @ Salid circle around prime Aumbers to stop that hranch
y .—\ Split 4 fto two smafler factors

@ Salid circle around prime numbers to stop thal branch

Once every branch has reached a prime number, multiply all the prime numbers together

S48 =2x2x2x3x2
=24 x1 Simplify answer

@' (9' Witate Nurabers.
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Where does it work? Your Turn ]

b
}@ Factor trees

& Fill in the missing values on the following factor trees and write the number as a product of its primes.
— e

4;

“12= 92X 2_3(3
= 5%3

-,32:2%;1,))(%2:25

v \

X12A

\
/ o

N

L84 2 K 2N3H |
= zz)( ?;(-I

gm———

[¢]

/\
@/\

18 = lx 3;(3:'?_)(3

® 56

v

714

oy (4
i :
@/ @@/ \@

128 = Qx)_yb().;/b@ =3
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Whole Numbers

Where does it work?

Highest common factor (HCF)
The HCF is the largest number that divides exactly into two or more composite numbers.

Write all the factors of each number then circle the largest one which appears in both lists.

Whole Numbers

]

Where does it work? Your Turn

@ Complete a factor tree for each number below and express them as a product of their prime factors,
20

Find the highest common factor for these pairs of numbers
List alt the factors for each number
Circle the fargest number comman to both lists

() 6and 8
Factors of 6; | ,@, 3,6

Factorsof 8: 1 ,@, 4,8

.. The HCF for 6 and 81s: 2

Factorsof 18: 1, 2, 3 ,(6). 9, 18

(2]
7N
K ® :
N
{i) 18 and 12
Factorsof 12: 1, 2, 3, 4 ,(6), 12

)'k:@ Factor trees
®
~
&

List alf the factors for each number
Circle the largest number common to both lists

.. The HCF for 18 and 12 is: 6

We can use the list of prime factors for larger numbers to find the HCF.

Find the HCF for these pairs of larger numbers
List all the prime factors for each number

Qs‘.
i) 72and96
Factorsof72:(2).@:@’@’ 3
@.2,2.03)

2 (6
|
Factors of 96: @,@,
. The HCFfor72and 96is: 2x2x 2x3 = 24
List all the prime factors for each number

\, .-
/
@
. %3
144
(i) 528 and 624
Factors0f528:@),@,@,@),@, 11
Factorsof624:@,<@,@,@,@;), 13

.. The HCFfor 528 and 624 15: 2x2x2x2x 3 = 48
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Where does it work? Your Turn J

be
/t@ Highest common factor (HCF)

Whole Numbers j

@ Find the highest common factor for these pairs of numbers,

@ 8and 12

frckors l’;fg 2, 2‘@;?
fatsosd 12 123 602

S The HCF oo Qe 1220

@ 6and15

15y
Sk HeFof bad S0 3.

] iOand 18 @ 18and?24

joxt,/K 10 W+ 1,23,

1 I,@am,vg { ?@%2
KP4 a s 1,23, )6 10 24
ST e HOE 1 b

® l4and2s © 16and36
s 0,270 ks (L 2@g b |
23l 2, 4/5{,’@29 b 1,3, 3,@ 6,9 12,3k
LHMCE g o Te oo, i 4

@ Use the prime factors to find the HCF for these larger numbers,

@ 42and 84 ® RNand72
(2 = 208" Qrz o A3
gan a@l@x@ﬁ] T2z 292w 2¥ %3
o HOF = ax2x3012 S UCE = axa=h
@ 280 and 490 © 256and 640
2 = 2% 2/ 2x8% ] XL Sy vy 2y K2
s = 2057 <] Lo =2 20202y 2024 25

SHOF =205¢] T OHCT = o 24 20202
= Jo 2@
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Where does it wo

Lowest common multiple (LCM)

The LCM is the smallest number that is common to the multiplication tables of two or more numbers.

Write down the multiples of the numbers and stop once you find the lowest common multiple.

Find the lowest common multiple for these pairs of numbers
() 2and5

Multiples of 2: .. List same muttiples of the first number

Multiples of 5: 5 Ql 9 it the multiples of the second number until there is a match

125
.. The LCM for 2 and § is: 10

(i) 6 and 8
Multiplesof 6: 6 , 12 , 18 ,(24), 30 ,.. List same multiples of the first number

List the multiples of the second number until there is a match

Multiples of 8: 8 , 16,

.. The LCM for 6 and 8 is: 24

We can use the list of prime factors for larger numbers to find the LCM by looking at the differences.

Find the LCM for these pairs of larger numbers

{i) 30 and 100
Prime factors of 30: 2 ,@, 5
Prime factorsof 100: 2 , 2 , 5, 5

List alt the prime factors for both numbers

Circle all the different factors in the smaller number

., The LCM for 30 and 100 is: 100 x3 = 300 Multiply the larger number by the different factor
(i} 24 and 388
Prime factorsof 24: 2 , 2 ,@),@
Prime factorsof 388: 2 , 2 , 97

List all the prime factors for both numbers

Circle all the different factors in the smaller number

- The LCM for 15 and 388 is: 388 x2x3 = 2328  Multiply the larger number by the different factors

a3
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Where [Joes [ or]? Your Turn J Whole Numbers

}@ Lowest common multiple (LCM)
&

Find the lowest commen muitiple for these pairs of numbers.

& 3and?® @ Sand10

Wﬂ%"ff' 6 ~ 51 5/40) (0,20 %,
H‘*Utlpﬂia chf:@ ]QJ"‘ o %@@,3:- .-

LC=9 L.CH =lo

@ 4dand6 © 5andé

b ... 5 10,15 25 >C -
6. O@ v 28 %@ i

LeH =12 Lﬁ”‘?o

© 6and7 @ 12and 16

| £
6 12 2%, 30,35 g 12724 345D &

T, (4.2, 28 s, l(?)?lf@w..,
LCH % LWz o f
t o }ﬁ

€ Use the prime factors to find the LCM for these larger numbers,

© 60and 108 © 42and 150

bo= T kyz 2 347
(QQ? x?x} JOT Dy 3xax §

L s 2x 243X TEIRY LM s 237 EF fx7

= 5ky = l;b»‘7 Z{p5 0
© 168and 180 ¢ 210and 385
|6§= 2¢ 22437 | o = 2 ?xS>Z7
1fo = 2234 %S s =exTx 1l
LMz 2020 20363 5] ) ol = ax 3w 5.7
< (?xsxT- *] = Jow2ixy)
=2 D028 = 2316

m' @ whole Numbers L
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Types of numbers — prime and composite numbers

Eratosthenes (276 BC — 194 BC) was a Greek mathematician who developed a clever way to find
prime numbers.

e Find all the prime numbers in the hundred grid below. (Do not shade the number itself as it is not a multiple.)
a Cross out 1 since it is not prime. b Shade all the multiples of 2.
¢ Shade all the multiples of 3. d Shade all the multiples of 5.
e Shade all the multiples of 7.

f The remaining numbers are prime numbers, apart from 1 which is a special case. List them:

2,3,5711,13,17,19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67,71, 73,79, 83,

89, 97

The Sieve of Eratosthenes

1 (2 |3|4|5(|6]|7]|8]9]10

11112 |13 |14 | 15|16 (17 (18|19 | 20

21122 (23|24 |25(26|27 (28|29 30

31132(33|34|35(36|37(38|39]40

41 142 |43 |44 |1 45|46 | 47148149 | 50

51|52 (53|54 |55(56|57|58]|59]60

61|62 |63 |64|65(66|67|68|69]|70

71|72 (7374|7576 |77 |78 |79 ]| 80

81182 (83|84|85(86|87|88|89]|90

9119293 (94 |95(96 |97 |98 |99 |100

o Circle the prime numbers. Use the Sieve of Eratosthenes to help you.

N\ N\ N\

65 (89 )( 47) 94 25 Q_’a‘/)

T\ .
( 11 ) 27 32 ( 19 ) 21 65
~— ~—
N N A~

( 7 )QE»/) 99 87 26 QS/)

N—
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Types of numbers — mixed practice

0 Work out what the secret numbers are. Assume all numbers are positive, unless stated otherwise.

a lam the only even prime number. | am 2
b | am one of the two numbers that are neither prime nor composite. | am not zero.

lam 1

¢ lam a2 digit number. | am less than 40. | am a prime number and my second digit is smaller than

my first number. | am 31 .
d |am the negative number closest to positive numbers. | am -1 .
e |am the 5 digit negative number furthest from zero. lam __ =99 999 |

f |am the largest 5 digit number where no number is repeated. lam ___ 98 765 .
g |am the largest 4 digit number that uses the 4 smallest prime numbers. | am 7 532 .

h |am a prime number. My digits add to total the smallest prime number. | am 11

e In these next questions, there is more than 1 possible answer.

a Look at the number 1 000 855.

Write 5 numbers that are larger than this with the same number of digits.

Angwers will vary.

Write 5 numbers that are smaller.

Answers will vawy.

b Rounded to the nearest 100 km, my train trip was 3 000 km long. How long could it have been?
How many answers to this question can you find?

AW of the distounces between 2 950 knvand 3 049 k.

Reading and Understanding Whole Numbers @ @ 13
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Goldbach’s conjecture investigate

CRE

OOO What
todo

What to
do next

In the year 1742, a Prussian mathematician called
Christian Goldbach looked at many sums and made
a conjecture. He said that every even number over
4 is the sum of 2 prime numbers. (Actually he said
over 2 but that was when 1 was considered a prime
number. That is now so 1742.)

You have been asked by the Mathematics Institute to test this out.
How high can you go?

What will you need to help you solve this problem? You may want to use the table of
prime numbers on page 18.

You can work by yourself or as part of a small group.

Here are a few to start you off.

Look at 8. It can be made by adding
8 \«— theprime numbers 3 and 5. 16

/ 5 3 \ 16 can be made by adding11 —»/ 11| 5

and 5, and by adding 3 and 13.

Use the triangles on page 18 to record your thinking. Or create your own.
You may need more!

Which even number can be made the most ways? Discuss your answer with 2 friends.
Do they agree?

Goldbach’s theory has never been absolutely proven or disproven. The publishing
group Faber and Faber offered a $1 000 000 prize to any one who could do so.

No one was able to claim the prize at the end of the competition time. Who knows,
you could be the one to claim the glory (if not the prize). You could rename the
conjecture. What would you call it?

Reading and Understanding Whole Numbers @ @ 17
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Goldbach’s conjecture investigate

Answers will vawy.

[N LN LN
/ \ / \ / \
2 3 5 7 11 13
17 19 23 29 31 37
41 43 47 53 59 61
67 71 73 79 83 89
97 101 103 107 109 113
127 131 137 139 149 151
157 163 167 173 179 181
191 193 197 199 211 223
227 229 233 239 241 251
257 263 269 271 277 281
283 293 307 311 313 317
331 337 347 349 353 359
367 373 379 383 389 397
401 409 419 421 431 433
439 443 449 459 461 463

467 479 487 491 499

18
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